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■ Abstract 

1 Introduction 

>: 

00 . The asymptotic behavior, when e -> of the family {/e}j>o of the fimctionals : T U {0} U {+cxd}, 

^\ • where T is a given metric space, is partially described by the De Giorgi's F-limit, i.e. 

^' f 

(N : /o((/.) := inf <^ lim 7^(0^) : </)s ^ </) in T 

T—( . It is well known that if 0^ are minimizers for and if in 7~ as e then cj) is a minimizer of Iq. 

^ ■ Usually, for finding the F-limit of Iei(t>), we need to find two bounds. 

X: . . 

i—{ ] (*) Firstly, we wish to find a lower bound, i.e. the functional such that for every family {(/)e}£>o, satisfying 
^ I 

(?!)£—>■ as e —T' 0+, we have lim^^n4- Ie{4'e) > L{4')- 

(**) Secondly, we wish to find an upper bound, i.e. the functional 7(0) such that there exists the family 
{'0e}e>Oi satisfying as e 0+, and we have lim£_^o+ leii^e) ^ I{4')- 

(***) If we obtain 7(0) = 7(0) 7((/)), then 7(0) will be the F-limit of 7^(0). 

In various applications we deal with the asymptotic behavior as £ — 0+ of a family of functionals {Ie}e>o 
of the following forms. 

• In the case of the first order problem the functional 7^, which acts on functions i/j : SI — ?> M™, has the form 

Ie{i^) = ^ e|V?A(a;)|^ + ^w{i!{x),x^dx, (1.1) 
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or more generally 

/,(^)= / -G(e''V^'',...,eV^,^,x)dx+ [ -W{^p,x)dx, (1.2) 
Jn £ ^ ^ Ja ^ 

where G{0, . . . ,0,^p,x) =0. 

• In the case of the second order problem the functional 1^, which acts on functions v : J7 — > M''', has the 
form 

Ie{v)^ J e\\/^v{x)\^ + ^w(vv{x),vix),x^dx, (1.3) 

or more generally 

I,{v)^ I -G(e"\7"+\,...,eV^v,Vv,v,x)dx+ [ -W{Vv,v,x)dx , (1.4) 
where 0(0, . . . , 0, Vw, v, x) = 0. 

The functionals of the form ()l.ip arise in the theories of phase transitions and minimal surfaces. They were 
first studied by Modica and Mortola 24 , Modica [23 , Stcrenberg |38] and others. The F-limit of the functional 
in (jl.ip . where W don't depend on x explicitly, was obtained in the general vectorial case by Ambrosio in [2]. 
The F-limit of the functional of the form ()1.2p . where n — 1 and there exist a, (3 G R™ such that W{h,x) = 
if and only if /i e {a,/3}, under some restriction on the explicit dependence on a; of G and VF, was obtained by 
Fonseca and Popovici in [16]. The F-limit of the functional of the form (jl.2p . with n = 2, G{-)/e = e'^jV^V'l^ 
and W which doesn't depend on x explicitly, was found by I. Fonseca and C. Mantegazza in [15] . 

The functionals of second order of the form (II. 3p arise, for example, in the gradient theory of solid-solid 
phase transitions, where one considers energies of the form 

Ie{v) = ^ e\V^v{x)\^ + ^w(Vv{x)^dx , (1.5) 

where v : ft C -> stands for the deformation, and the free energy density W{F) is nonnegative and 
satisfies 

W{F) = if and only if F e K SO{N)A U SO{N)B . 

Here A and B are two fixed, invertible matrices, such that rank{A — B) = I and SO{N) is the set of rotations 
in M.^ . The simpler case where W{F) = if and only if F G {A, B} was studied by Conti, Fonseca and Leoni 
in [TU]. The case of problem (HH]), where TV = 2 and W(QF) = W{F) for all Q e SO{2) was investigated by 
Conti and Schweizer in [5] (see also [S] for a related problem). Another important example of the second order 
energy is the so called Aviles-Giga functional, defined on scalar valued functions v by 

f e\V^v\^ + -{l^\VvfY (see [3]). (1.6) 
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In this paper we deal with the asymptotic behavior as e — )■ 0+ of a family of functionals of the following 
general form: 

I,{vi-),h{.),4,{-)) := 

J iG(^{£"V"+iu,e"V"/i,e"V"V},---,{eV2t;,£V/i,eVV},{Vi;,/i,V},w,a;^da; + J ^w(vv,h,i;,v,x^dx 

for ^;:^7^R^ i/^-.n^M"' and h-.n^R'^''^ s.t div/i = 0. (1.7) 

Here H, C is an open set and we assume that G and W are nonnegative continuous functions defined on 

|]^fexW+i ^j^mxW"! ^ ^ ijjfexATxW ^^dxNxN ^^mxN^ ^ j^^kxN x R'^x^ x M'"} X M*-' X 

and R'^'^^ X R'^''^ X R" X R'' X R^ respectively, and such that 

G(^0,0,...,0, {a,6,c},d,a;) ee for all a e R'^''^, 5 e R'^^'^, c e R™, deR'', xeR^ . (1.8) 

The functionals in (jl.ip . p.2p and p.3p . p.4p are important particular cases of the general energy 1^ in (|1.7p . In 
the general form (|1.7p we also include the dependence on div-free function h, which can be useful in the study 
of problems with non-local terms as the Rivierc-Scrfaty functional and other functionals in Micromagnetics. 

The main contribution of [33J was to improve our method (see |30 ) .|26 | ) for finding upper bounds in the 
sense of (**) for the general functional (I1.7P in the case where the limiting functions Wv,h,^ belong to the 
class BV. 

What can we expect as reasonable upper bounds? It is clear that if the non- negative function W is continuous 
then every upper bound I{v, h^tp) of (|1.7p . under the L^-convergence of Vw, h,ijj, will be finite only if 

w(Vv{x),h{x),ip{x),v{x),x^ =0 for a.e. a; G f2 . (1.9) 

In order to formulate the main results of this paper we set 

F(^{e"V"+iw, £"V"/i, £"V"i/'}, • ■ • , {sV^v, eWh, eV^^}, {Vv, h, V'}, w, x^ := 

g({£"V"+1w, £"V"/i, £"V"V}, ■ • ■ , {eV^v, eVh, eVtp}, { Vw, h, i;},v, x^ + w(Wv, h, V, v, (1.10) 
and define the following functionals: 

K*{v{-),h{-),iji-)) -.^ J^^^j^^^j^^j^^E*(^{Vv+,h+,ij+},{Vv-,h-,ij~},iy,x,p,qi,q2,q3)dn^-^{x) 
< K,{vi-),hi-),^{.)) ■.^J^^^j^^^j^^j^^E,[{Vv+.h+,i.+ },{yv~,h~,^-},u,x)dH^~H^) 
K,,M-)M-)M-)) :=j^^^^j^^^j^^j^^-,E,,,r{{Vv+,h+,^,+ ],{Vv-,h-,i^-],u,x)dH^ 

ioi v.n^ml', h: ^R''''^, ip-.n-^ R'" s.t. Vw,/i,?A e BV, dlv/i = O and W{Vv,h,i}),v,x) =0, 

(1.11) 
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where Jvv,Jh, J(p are the jump sets of Vv, h, m, u is the jump vector, -Ei(-), -Eper(-) are defined by 

Eper ({ Vt;+ , /i+ , V+ } , { Vt;- , /i- , V" } , i^, a;) := 

infj j ii?(^{L"V"+V(y),L"V"%),L"V"7(2/)},.-.,{Va(y),%),7(2/)},^^(:r),:r^dy: L > 0, 



£;i({V^;+,/i+,^+},{Vt;-,/i-,^-},i^,x) := 

infj y iF(^{L"V"+V(y),L"V"%),i"V"7(y)},---,{v<7(y),%),7(2/)},«(a;),a;)dy: i 
a G W W (a;, Vi;+ , Vt;- , I/) , ^ e W^^i (a;, /i+ , /i- , I.) , 7 e W^3) ^+ ^ ^- ^ ^) 

s.t Va(y) = • y), e{y) = 9{i> ■ y), -f{y) = 7(1/ • y) 
Here {fei, fe2, • • • fejv} is an orthonormal base in satisfying fei = i/, 

>V^^).(x,Vt;+,Vt;-,i^) := |«eC"+i(M^,M'=) : Vw(y) = Vt;" if yi^<-l/2, 

Vu(y) = Vt;+ if y • 1/ > 1/2 and Vu(y + fej) = Vu(y) \/j = 2,3,...,N 

W^ll{x,h+,h-,u) := 

1^ G C"(M^, M'^x^) : divy^iy) = 0, ^y) = /i" if y • < -1/2, 

^(y) = /i+ if yi/> 1/2 and ^(y + fe,) = ^(y) Vj = 2, 3, . . . , iV 

W^ll{x,i,+ ,^-,i^):=I^CeC''{R'',R^): C(y) = V'" if 2/ • < -1/2, 

C(y) = V+ if y I'ix) > 1/2 and ({v + kj) = Civ) Vj = 2, 3, . . . , iV 
/,:={yGM^: |y%|<l/2 Vj = 1, 2, . . . , Tv} . 

Furthermore, 

i;*({Vu+,/i+,V+},{Vu-,/i-,V"},i^,a;,p, 91,92, 93) := 

inf I li^^ y ii^ {£" V"+ (y) , £" V^^e (y) , £"V"7e (y) },..., { Va, (y) , 0, (y) , 7e (y) } , ^^(x) , x 

7, GL«^(/.,R™)niy"'f(/,,R'") s.t. diYye,{y) = 0, Va,{y) ^ a{y,Vv+ ,Vv- ,u) inL«i(/,, 
^.(y) ^ ^(y, /i", i^) in M-^x^), 7e(y) ^ 7(2/, V'", i') in L'^ 



>0, 



, (1.12) 



(1.13) 



(1.14) 



(1.15) 



(1.16) 
(1.17) 



dy : 



kxN\ 



, (1.18) 



where 

Vi;+ if y • IV > , 



Vv if y • 1/ < , 




^{y,h+,h ,iv) 



and 7(y,V^+>-,z/) := <( (1.19) 

if y • iv < . 



Observe here that it is clear that 



E*(^{Vv+,h+,'tP+},{Vv ,h ,'tP },v,x,p,qi,q2,q3^ < 

Eper[{yv+,h+,iP+},{Vv-,h',iP'},u,x^ < ({ Vw+ , /i+ , 1^+ } , { Vf " , /i" , 1^" } , iv , . (1.20) 

Therefore, 

K*{v{-),h{-),^{-)) < Kp,r{v{-),h{-),iji-)) < K^{v{-),h{-),^{-)) . (1.21) 

We call Ki{-) by the bound, achieved by one dimensional profiles, Kper{-) by the bound, achieved by multidi- 
mensional periodic profiles and K*{-) by the bound, achieved by abstract profiles. 

Our general conjecture is that K*{-) is the F-limit for the functionals in (|1.7[) . under {VF""^^'"^ , L'^^, L"^^ } 
convergence, in the case where the limiting functions Vv,h,tp G BV and satisfy (|1.9p . It is known that in the 
case of the problem (jl.ip . where W € don't depend on x explicitly, this is indeed the case and moreover, 
in this case we have equalities in (|1.2ip (see [2]). The same result is also known for problem (|1.6[) when N = 2 
(see [3] and [7], [30]). It is also the case for problem pTSj) where W{F) = if and only if F e {A, B}, studied by 
Conti, Fonseca and Leoni, if W satisfies the additional hypothesis {H3) in [TU]. However, as was shown there by 
the example, if we don't assume (_ff3)-hypothesis, then it is possible that i?per(Vu+, Vv^ , is strictly smaller 
than i?i(Vf^, Vw^, v) and thus, in general, Ki{-) can differ from the F-limit. In the same work it was shown 
that if, instead of (H^) we assume hypothesis {H^), then Kper{-) turns to be equal to K*{-) and the F-limit of 
(jl.Sp equals to Kper{-) = K*{')- The similar result known also for problem (|1.2p . where n — 1 and there exist 
a, /? S M™ such that W{h, x) = if and only if ft, G {a, /?}, under some restriction on the explicit dependence on 
x of G and W. As was obtained by Fonseca and Popovici in JJji in this case we also obtain that Kper{-) = K*{-) 
is the F-limit of ([01). In the case of problem ([13]), where TV = 2 and W{QF) = W{F) for aU Q e SO{2), 
Conti and Schweizer in § found that the F-limit equals to K*{-) (see also |8j for a related problem). However, 
it isn't known, either in general K*{-) = Kper{-)- 

On p6] we showed that for the general problems (|1.2p and ()1.4|) . Ki{-) is the upper bound in the sense of 
(**), if the limiting function belongs to SV-class. However, as we saw, this bound is not sharp in general. As 
we obtained in [33j for the general problem (|1.7p . Kper{-) is always the upper bound in the sense of (**) in the 
case where the limiting functions Wv,h,^ belong to BV^-space and G,W G C^. More precisely, we have the 
following Theorem: 

Theorem 1.1. Let G and W be nonnegative -functions defined on 

|]gfcxW"+i ^^dxN-+' ^j^mxW'l ^^kxNxN ^^dxNxN ^^rnxN^^ ^ ^^kxN xR-^x^ xM™} X R*^ X 



kxN ^-^dxN ^-^k ^-^N respectively, and G satisfies 

g(0,0,...,0, {a,6,c},d,a;) =0 for all a £ R'^^^, 6 G M''^^, c G R", d G 



l^, a; G , 



Then for every v G Lip{R^ ,R'') H D such that Vv G BV and for every h G By(M^,M''^^) n L°° and 
G W(M^,K™) ni°° satisfying \\D{Vv)\\{dn) + \\Dh\\{dn) + \\Dij\\{dn) = 0, div h = in and 



W 



(^Vv{x),v{x),h{x),^{x),x^ =0 for a.e. x £ fl . 



there exists sequences {ve}o<e<i C C°°(R^,R'=), {h,}o<,<i C C°°(R^, R'^^^) anrf {?Ae}o<e<i C C°°(R^,R'") 
SMc/i </ia< divxh^{x) = in M.^ , J^tp^dx = J^ipdx, for every p > 1 we have lim£_j.o+ ~ v in W^'^, 
limj_j.o+ h^ — h in LP , Vmi^^Q+ = ^ in and 

lim I^{v^,h^,'iljs) := 

e->-0+ 

^lim J (^{e" V"+iwe, £" V"/ie, e" V"Ve} , • ■ • , {eV^i,,, eV/i^, eVV'e} , { Vv,, /i^, V-e}, t^s, a;^ rfa; 

< , (1-22) 

where /e(-) is defined by (|1.7p . zs defined by (jl.lOp ami Kper{') is defined by 

The main result of this paper is that for the general problem ()1.7p . when G, don't depend on x explicitly, 
K*{-) is the lower bound in the sense of (*). More precisely, we have the following Theorem: 

Theorem 1.2. Let G and W be nonnegative continuous functions defined on 



X K'— h X ... X {Rfcx^x^ X M'ix^x^ X R™^^} X {: 



and R'^xAT ^ M^xAt ^ j^m respectively, 

G(^0, 0, . . . , 0, {a, 6, c}) = for all a G R'^''^, b G 



fdxN 



c G 



Furthermore, let gi, 52,(73 > 1, p > 1 and w(a;) G (fi, R'^), G Lg^(f7, R'^xiV) ^ g L«^^^(f7, R"^) &e 
such that divxh(x) = in and 

W(0,0,...,0,{\7v,h,i:}^ =0 a.e.infl. 

Assume also that Vw, h,ip € BVioc(^Lf^^ or, more generally, there exists a H^^^ a-finite Borel set 5 C which 

we denote by ilCi (Jvi, U A U J^p) and there exist Borel mappings Vv^{x) : S M'''^^, Vt;"(x) : S R''^^ , 

h+{x) : 5 R''^^, h-{x) : S R''^^, ip+ix) : S R"\ ^"(a;) : S* ^ R"' and iy{x) : S 5^-^ such that for 
every x € S we have 



1 



lim - , . , 

P^o+ C^{Bp{x)) Jb+ 

lim -, 7- / 

p^0+ C^[Bp{x)) Jb-{x,u(x)) 



91 



Vv{y)-Vv+{x) + h{y)-h+{x) + ipiy) - -tp^ (x) 



12 



93 



dy^O, 



Vt)(y) - Vi;"(x) + h{y)-h-{x) + ^{y) - [x) \ dy = Q . (1.23) 
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Then for every {v,},yo C M^/^f (f^, R'^) n M'=), {h,},yo C M'^x^) n Wp^f{n,R''^^) and 

{V'e}£>o C Ll^^{Q,R"') n (r2,R'") satisfying div^he{x) = m n, v in M^/^f (f], R'=) as e ^ 0+, 

h.^hin L^„=^(r2,R''x^) as e 0+ anrf ^ ^od^^^""), we have 

lim I^{v^,he,ipe) ■■= 

lim /-Ff{£"V"+i«e,£"V"/ie,e"V"^, },..., {eV2i;„£V/ie, ^VV-e}, {Vv„h„^,})dx>K*{v,h,^), 
£_>o+ J £ \ J 
n 

(1.24) 

where F and K*{-) are defined by (jl.lOp arirf (jl.lip respectively. 

For slightly generalized formulation and additional details see Theorem 12.31 See also Theorem 12.21 as an 
analogous result for more general functionals than that defined by (11.71) . 

As we saw there is a natural question either in general K*{-) = Kper{-)- The answer yes will mean that, 
in the case when G,W are functions which don't depend on x explicitly, the upper bound in Theorem ll.il 
will coincide with the lower bound of Theorem 11.21 and therefore we will find the full F-limit in the case of BV 
limiting functions. The equivalent question is either 

E*[{Vv+ ,h+ ,^+],{Vv- ,h- ,^-],v,x,p,qi,q2,q3) = £;pe. ({ V«+, ^+ } , { Vt;- , /i^, ^- } , .t) , (1.25) 

where Eper{ ) is defined in (|1.12p and E*{-) is defined by (|1.18p . In the section [3] we formulate and prove some 
partial results that refer to this important question. In particular we prove that this is indeed the case for the 
general problem (|1.2p . More precisely, we have the following Theorem: 

Theorem 1.3. Let G G ^^(M'"^^" x m™xa^<""" x . . . x M™xw x R™,R) and W G CHR™,R) he nonnegative 
functions such that G{Q, 0, . . . , 0, 6) = for every b e R™ and there exist C > and p > 1 satisfying 

1 / n—l \ 

^l^r <F(Aai,-.-,a„-i,6) <CMA|P + ^|a,|P + |6|P + lj for every (A, ai, 02, . . . , a„-i, &) , (1.26) 
where we denote 

f(^A, ai, . . . , a„_i, fe) := g(a, oi, . . . , a„_i, 6^ + W{b) 

Next let tp e BV{M.^,W") n L°° be such that \\Dtlj\\{dn) = and W{tp{x)) = for a.e. x e n. Then 
K*{iP) = Kperiij) and for every {ipe}e>o C VF,"f (r2,R") such that ip, iP m Lf„^(r2,R™) as e ^ 0+ , we have 

lim /e((^e):= lim - / f( e'^W^^.ix), e^-'\/"-^^,{x), . . . , eV^,{x), Mx)]dx 

>Kp,rW:^ [ Ep,rU+{x),^~{x),u{x))dn'^-\x), (1.27) 

where 

Eper{i}'^ -.i)^ ,1^ ■■= 

infjy^ iF(^L"V"C,L"-iV"-iC, •■•,^VC,c)rfa:: L e [0, +^) , ( e W^lli^P+ ^u)^ (1.28) 
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with 

Wllli^P+,^p-,u):=!^CeC"\R'',R"'): ((y) = if y ■ u < -1/2, 

ay)=i^+ if yv{x)> 1/2 and ({v + k,) ^ Civ) Vj - 2, 3, . . . , 7v| . (1.29) 

Herein := {y E : \ykj\ < 1/2 Vj = 1,2. ..A^} where {ki,k2, ■■■ ,kN} C is an orthonormal base inR^ 
such that ki u. Moreover, there exists e sequence 

{^Je}e>Q C C°°(M^,M™) such that J^tl:eix)dx = J^^xp{x)dx, 
for every q > 1 we have ip^ ^ tp in L'^{Q,M."^) as e — > 0^, and we have 

lim I.iyj,) := lim - f F f £"V"Ve(cc), e"-^ V"" £V^,(x), Mx)]dx 

= KperW:^ [ EpJ^+{x),^p-{x),u{x))dn''-\x). (1.30) 

See Theorem 13.21 as a slightly generalized result. Note here that the particular cases of Theorems 11.31 and 
13.21 where n = 1 and there exist a,/3 G K™ such that W{h) = if and only ii h E {a,/3}, was obtained by 
Fonseca and Popovici in [16] . 

Remark 1.1. In what follows we use some special notations and apply some basic theorems about BV functions. 
For the convenience of the reader we put these notations and theorems in Appendix. 

2 The abstract lower bound 

Definition 2.1. Given an open set G C and a vector q = {qi,q2, . . . ,qm) € M"*, such that qj > 1 for every 
1 < j < m, define the Banach space L''{G,M."^) as the space of all (equivalency classes of a.e. equal) functions 
f{x) = {fi{x)j2{x),...Jm{x)) : G ^ R", such that fj{x) G L9^(G,R) for every 1 < j < m, endowed with 
the norm ||/||Lq(G,R'") ■— J2]Li \\fj\\L''3{GM)- Next define, as usual, Lf^^{G,M."^) as a space of all functions 
f : G ^ M™, such that for every compactly embedded U CC G we have / G Lf^^{U,R"^). Finally in the case 
where q G [l,+oo) is a scalar we as, usual, consider L9(G,R'") := L'J(G,R™) and Lf„^(G,R") := Lf„^(G,R'"), 
where q := {q,q,...,q). 

Definition 2.2. Given a vector x := {xi,X2, . . . , Xm) G R™ and a vector q = {qi,q2, . . . , qm) € R™, such that 
Qj > Ij we define |a;|'' := X^jli l^^jl*^ - Note that for a scalar q, \x\'^ and are, in general, different 

quantities, although they have the same order, i.e. \x\'^/C < [xj^'^''^' - '?^ < Clx]"^ for some constant G > 0. 

Theorem 2.1. Let M be a subset o/R", f2 C 6e an open set and D <Z ^ be a ^ a-finite Borel set. 
Consider F G G(R™^^ x M'" x R^, R), which satisfies F > and the following property: For every xq E and 
every t > there exists a > satisfying 

F{a,b,x) - F{a,b,xo) > -TF{a,b,xo) Va G R™''^ V6 G R" G R^ such that \x - xo\ < a . (2.1) 

Furthermore, let A G £(R''^^;R™), q = (gi, 92, • ■ • , 9m) S R™, p > 1 and v e V'{n,R'^) be such that q, > 1, 
A • Vf G i^Q^(ri; R™) and F(0,{A-'Vv}{x),x'j — a.e. in ft. Assume also that there exist three Borel mappings 
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{A ■ \7v}+{x) : D R"\ {A ■ Vu}-(x) : D M™ and n{x) : D S^-^ such that for every x e D we have 



, ,,\{A-Vv}{y)~{A-Vv}-{x)\'^dy 

lim " ^"'^"^''^^ —. — ^ = (see Definitton[KM>- (2-2) 

p^o+ C^[Bp{x)) 

Then for every {ve}e>a C V'{n,W^), satisfying A • Vw^ G L/„^(f7,R™) n (f7, R™), {A • Vve}(a;) G 
/or a.e. x G and A • Vv. A-Vv in ^^^in, M™) as e ^ 0+ , we have 

lim i / F(eV{A • Vue}(a;), {A • VuJ(x), a;)rfa; > 

y" i;o({A- Vt.}+(x-),{A- Vw}-(a;),n(x),x)d-H^-i(a;), (2.3) 
where for every x G M.^ , a, 6 G and any unit vector v G 

£;o(a,&,«^,x) := inf I lim F(eV{A • V^e}(2/), {A • V(^e}(y), x)^?/ : G R'*) s.i. 

A-V(^. G i«(/^,M™)nW^i'P(/^,R'"), A-V^eeXa-e. m 7^, and {A-V(p »^) R") | ■ 

(2.4) 

Here Ii, :~ {y G R^ : \y ■ i^jl < 1/2 Vj = 1, 2 . . . N} where {i/i, V2, ■ ■ ■ , i^n} C is an orthonormal base in 



such that f 1 := v and 



{a ifyv>0, 
(2.5) 
b ify-u<Q. 

Proof. It is clear that we may assume that 

To:= \jm- [ F(eV{A-yv,}{x), {A-Vv,}{x), x)dx <+oo, (2.6) 
otherwise it is trivial. Then, up to a subsequence — >■ 0+ as n — > +c», we have 

— i^fe„V{A- Vv„}(a;), {A-Vv„}(x), x)dx^A*, (2-7) 

and 

To > ^{^) , (2.8) 

where /i is some positive finite Radon measure on and the convergence is in the sense of the weak* convergence 
of finite Radon measures. Moreover, for every compact set X C we have 

\i{K)> \un — f f(£„V{A- Vw„}(a;), {A- Vw„}(x), a;)da:. (2.9) 

Next by the Theorem about A;-dimensinal densities (Theorem 2.56 in i4j) we have 



^i{D) > I a{x)dn^-\x), (2.10) 

D 



where 

cr(x) := hm tj—-, (2-11) 

with LdN-i denoting the £^~^-measure of (A^ — l)-diniensional unit baU. Fix now 5 > 1. Then by (I2.9p . for 
every x ^ fl and every p > sufficiently smah we have 

^i{B^sp){x)) >ti{Bp{x)) > hm — / F(eny{A-\/vn}iy)AA-Vvn}{y),y)dy. (2.12) 

On the other hand by ([2^ . ((2A0)) and ((2?TT]) we obtain 

To > M(f^) > Mi?) > / a{x)U''-\x)= f I ^^^^'f.fA dn'^-^x). (2.13) 

Thus plugging ([^1^ into ([^1^ we deduce 



To > Ai(r!) > 



lim ( TT — 7 lim 



- / F(enV{A-Vvn}iy),{A-S7vA{y),y)dy]\d-H^-\x 

■n Jb,{x) ^ /J 



(2.14) 

Therefore, since S > 1 was chosen arbitrary we deduce 

To > > 

f \ IS ( lim - / F(£„V{A.Vi;„}(y), {^•Vz;„}(y),y)dy I L7^^-1(:e). (2.15) 

Next set 

|,0n,p,2:(2) := -Vn{x + pz) and (Pp,x{z) :== -u(x + pz) . (2-16) 
P P 

Then changing variables y = a; + in the interior integration in (|2.15p we infer 

To > p{n) > 

li^ lim I F({en/p)'^{A-V(pn,p.x}{z),{A-Vipn,p.x}{z),x + pz)dz]\dH^-\x). 

(2.17) 

But by (|2.ip for every x ^ D and every t > we obtain 

lim ( — ^ — lim \ / f( {sn/ p)^ {A ■ yipn^pA{z), {A ■ yLpn,p,x){z), x + pz\dz\ > 

p^0+ \ WTV-l n^+oc (Eri/P) JBi(0) ^ ^ ) 



D 



lim f lim 



P^0+ \ a;Ar_i „_^+oo i^n/p) JBi(O) 

Thus since t > is arbitrary 



(1 -T)F((e„/p)V{A- Vv?n,p,4(z), {A • V¥>„,^^J(z), . (2.18) 



lim 



— lim T~T^ I f( {en/p)'^{A-V(pn,p,x}{z), {A-V(pn,p,x}{z), X + pz)dz] > 

'I-l n^+oo [Sn/ P) JBi(Q) ^ ' ) 

Vt / f((£„/p)V{A- V(p„,p,,}(z), {A- V¥>„,p,,}(z), I . (2.19) 

'.IP) JBiiO) ^ ^ J 



lim I lim — 
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Plugging (pi^ into (PTT)) we deduce 
To > ii{n) > 



D 



lim lim ^— ^ / F({eJp)\/{A-V^n,p,x}{z),{A-V^n,p,.}{z),x)dz]\dn^-\x). 

p-^0+ yujN-l n^+oo (en/P) Jbi{0) ^ /) 

(2.20) 

Furthermore, for every x G D for every small p > we have 

A-\7(pn^p,x A-Vfp.j, as +00 in L«(Bi(0),R") . (2.21) 

On the other hand by p.2p for every x G D we have 

{A-V(pp^x}{z) ^ ^(^z,{A-Vv}+{x),{A-\/v}-{x),n{x)^ as p ^ 0+ in L«(Bi(0), R'") . (2.22) 

Thus, for every x Cz D, we can extract appropriate diagonal subsequences of {'fin,p,x}{n,p}j a-nd {Sn/ p}{n,p} which 
we denote by {-^^j}^^, and Wj}^^ respectively, so that 0+ as j +00, 'dj{z) ^(^z, {A ■ Vu}+(a;), {A ■ 
\7v}-{x),n{x)'^ in i«(Bi(0),M™) as j ^ +00, and 

En lim -r—T^I f{ {sn/ p)^ {A ■ yipn^pA{z), {A ■ VLp^.p^^Mz), x\dz\ 

p^0+ \UJN-1 {en/p) Jbi{0) ^ J 



> lim \ I F 



Plugging this fact into (|2.20p we obtain 



(e^V{A- Vz9j}(z), {A- Vz9j}(z), x'jdz. (2.23) 



lim i /" f(s\7{A ■ \7v,{x)}, {A ■ Vue}(a;), x)dx = Tq > 

£;i(^{A • Vu}+(a;),{A • Vw}"(a;), n(a;), a;j dH^"i(a;) , (2.24) 
where for every a,b G and any unit vector 1/ G 

^i(a,6,iy,:r) :=inf J lim / f( eVj A- V(/Je(2/)} , {A- Vy^eKy), ^) ^2/ : y's G 2?'(Si(0), M"^) s.t. 

A • Vv5e e L''(Bi(0),R") n W^i'f (Si(0),R"'), A • V(^e e 7W a.e. in Bi(0) 

and {A.V^J(j/)^e(2/,a,&,i^)inT«(i?i(0),R™)|. (2.25) 

So it is sufficient to prove that for every a,b E R™ and any unit vector 1/ e R^ we have 

Si (a, b,u,x) >Eo (a, 6, i^, a:) , (2.26) 



where i?o (a, 6, i', is defined by p.4p . Without loss of generality it is sufficient to prove p.26|) in the particular 
case where v = ei and I^, := {y G R^ : \y ■ ej\ < 1/2 Vj = 1, 2 . . . A^} where {ei, 62, . . . , ejv} C R^ is the 
standard orthonormal base in R^. Choose a natural number n G N. Then changing variables of integration 
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z = ny in (j2.25p we obtain 

E,{a,b,iy,x)=mi\ \jm ^-j^ f F ( eV{A-\7^M} , {A-V^,}{y), x)dy: e V {Bn{0),M.'') s.t. 

^ B„(0) 

A • V(^e e L«(B„(0),R™) n Tyi^P(B„(0),R"), A • V^^ e X a.e. in B„(0) 

and {A ■ J(y) ^ ^(y, a, fe, iv) in i«(i?„(0), R") | . (2.27) 
Next for every integers ii, 12, . . . , in-i G Z consider the set 

1^ eK"^ : |z-ei| < 1/2 and \z ■ - < 1/2 Vj = 2, 3, . . . , ivj. (2.28) 
and set Iq := /(o,o,...,o)- Then by (p:?f|) 

Ei[a,b,ei,x) > — iv^ Card( \ {ii,i2, ■ . . ,iAr-i) e Z^"^ : /(ii,i2,...,j„_i) £ B„(0)| ) x 

xinfj lis F(^eV{A-Vipe{y)}AA-Vipe}{y),xyy: e 2?'(/o, M"^) s.t. 

A-V(^e G L''(/o,M'")nVK^^P(/o,M'"), A-V(^e e 7W a.e. in /q and {A- V</Je}(2/) C(y, a, 6, j^) in L«(/o, R"") | 

= ^^^Card(|(n,i2,...,iw-i) e Z^-i : £ Bn(0)| ) i;o(a, 6, ei, x) . (2.29) 

On the other hand clearly 

lini ^^Carc^f |(zi,i2,...,iAr-i) e Z^"' : ^ Sn(0)| ) =1. (2.30) 

Therefore, since n e N was chosen arbitrary we deduce (|2.26p . Plugging it into (I2.24p completes the proof. □ 

By the same method we can prove the following more general Theorem. 

Theorem 2.2. Let M he a subset ofW"\ n C be an open set and D <Z ^ he a ^ a-finite Borel set. 
Consider F G C(R'"^^" x x . . . x M™><^ x R™ x R^,R), which satisfies F > and the following 

property: For every xq E Q and every t > there exists a > satisfying 

F(ai, 02, . . . , a„, 6, a;) - F(ai, 02, . . . , a„, b, xq) > -rF(ai, 02, . . . , a„, 6, xq) 

VaieR'"^^"Va2eR'"^^""\..Va„eR™''^V6eR"Va;eR^ such that \x - xo\ < a . (2.31) 

Furthermore, let A S £(R'^^^; R™), q = {qi,q2, ■ ■ ■,q,n) G R™, p > 1 and v € V{n,R'^) he such that q^ > I, 
A • Vw e L«^^(r2,R'") and 

f(o, 0,...,0,{A- Vv}{x), x^ ^0 for a.e. x en. 

Assume also that there exist three Borel mappings {A ■ \7v}^{x) : D — > R™, {A ■ Vf}^(a;) : D R™ and 
n{x) : D — > S^^^ such that for every x E D we have 

/B-(..(.))|M-V4(2/)-{^-Vi;}-(x)|'^dy . . 

lim " ^ ' ^ " -J = see Defimtion[KM)- 2.32 

p^o+ C^[Bp{x)) 
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Then for every {v^}e>o C V'{n,R'^), satisfying A-Vv^ e L-'^^(r2,M™) n (rj, R™), {A ■ Vv^}{x) € M for 
a.e. X £ fl and A ■ Vu^ — A ■ Vw in Ll^^{Q, M™) as e — J> we have 

lim - / Ff £"V"{A- Vv,}(a;), e"-iV"-i{A- Vwe}(x), £V{A- Vi;e(a;)}, {A- VvJ(a;), x)da; 
6^0+ Jn \ J 

> J E^o"^(^{A-Vv}+{x),{A-Vv}-{x),n{x),xyn^-\x), (2.33) 
where for every a,b G and any unit vector v G R^ 

inf I lis ^ f(^£"V"{A • V^,}(y), £"-iV"-i{A • V^,}(2/), . . . , eV {A ■ V^,]{y), {A ■ V^,}{y), ^dy : 

and{A- V(pJ(y) ^e(2/,a,&,i^) m R") | . (2.34) 

Here Ii, :— {y G R^ : \y ■ i>j\ < 1/2 Vj = 1, 2 . . . N} where {i/i, i>'2, . . . , C is an orthonormal base in 
R^ SMc/i that Vi u and 

a ifyu>{), 



^{y,a,h, u) 



(2.35) 



h ify ■ u < . 
We have the foUowing particular case of Theorem 12.21 

Theorem 2.3. Let M be a subset ofW\ Q. C be an open set and D (Z ^ be a ^ a-finite Borel set. 
Furthermore, let qi,q2,q3 > 1, p > 1 and let F be a continuous function defined on 



{ 



X X M'— } X ... X {Rfex^^x^ X RdxNxN ^ ^mxN^ ^ |- 



taking values in R and satisfying F > and the following property: For every xq £ fl and every r > there 
exists a > satisfying 



F(ai,a2,...,a„,fe, a;)-F(ai,a2,...,a„,6,a;o) > -TF(ai, 02, . . . , a„, 6, a;o) Vai e 



^fcxAr"+i^IgrfxAr"+i^^mx7V" 



...Va„ e RkxNxN ^ ^dxNxN ^ ^mxN 



yb e 



nkxN .. jndxN 



X R" Va; e R^ such that \x - xo\ < a . (2.36) 



Let v{x) e Wl^^'{fl,R''), m{x) e L^^"^(r2, R'^^^) and ip e i^;;^(17,M") fee smc/i that div^m{x) = mfl and 



F 



^0, 0, . . . , 0, {Vw, m, <y9}, x^ — a. 



in n . 



Assume also that there exist Borel mappings {Vu}+(a;) : D — >■ R^^^^, {Vw} (x) : D R''^^ , to+(x) : D ^■ 
S^dxN^ m-(x) : D R'^''^ , ip+{x) : D R", if- (x) : -> M™ and n{x) : D 5^"^ such that for every 
X £ D we have 



hm 



1 



P^0+ C'^{Bp{x)) JB+{x,n{x)) 

Hm ^ / 

p^o+ L^[Bp{x)) Jb-(xM^)) 



yv{y) — {Vv} (x) + m{y)—m^{x) + (/^(y) — (y9+(a;) 



92 



13 



dy = 0, 



\/v{y) ~ {Vf}'(a;) 



{y) ~m (x) + (p{y) - (p (x) 



dy = 0. 
(2.37) 
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Then for every {v,},>o C VK/„f (fi, E'=) n M'^), {m,},yo C Lf^jn,W''<''') n Wj'^f and 

{ipe}e>o C Lf^^{n,R"') n (J1,M") satisfying div^m^{x) = in Q, i^^ix) £ M for a.e. x e il, ^ v in 
W};^'{n,R^) ase^ 0+, ^ m in Lf' {n,W^''^) as e ^ 0+ and ipe ^ in Lf {n,W^), we have 



— + / ^^({^"'^"^'^^' £"V"me, £"V"^e}, ■ . ■ , {eV^t^e, £Vme, eVtZ-e}, {Vi^e, me, Ve}, 

> j E''^^(^Vv}+{x),m+{x),ip+{x),{Vv}-{x),in-{x),^p-{x),n{x),:^dH^ (2.38) 
w/iere for every a,b £ and any unit vector u e 

inf I liffi / (^{£"V"+ Ve(2/), £"V"^e(2/), £"V"7e(y) }, • • • , { Vc7,(j/), ^.(y), 7e(l/) } , : 

CTe G VF^'«n-f^>l^'')nW^^"+^^'^(/..,]R''), e L«=(/„,M''^^)nl^"'f(/„,M''^^), 
{7, : ^ G i«^(7„,R'") n (7^,R™) 
5.t div^ee(?/) =0, Vae(t/) ^a(y,{Vt;}+,{V?;}^,i/) in L^H-f^,^'^'''^), 

^e(y) ^ %,m+,m-,i/) ^n L'^^-^R''''^), 7e(y) ^ 7(2/, <^+, </'", i^) in L''^(7,,M'")| . (2.39) 

77ere Ii, :— {y E : \y ■ Uj\ < 1/2 Vj = 1, 2 . . . N} where {i'i,L>2, ■ ■ ■ , >^n} C is an orthonormal base in 
such that Ui := u and 

{{Vv)+ if y-u>Q, \m+ if y-u>Q, 

{Vv}- if yu <0, [fh- if y ■ u < , 



and 7(y,^+,^ ,1^) := < 



f+ if y-v>0, 
if- if y-v <Q. 



(2.40) 



Proof. Without any loss of generality we may assume that O = |x = (xi, X2, a;Ar) £ : |xj|<coVj}. for 
some CO > 0. Let {«J,>o C <„f (r!,Mfe) n W^/;/''^^(r!, K'=), {m,}e>Q C m^i^.R^'"'') Ci WP^f{n,R'''<^) and 
{ij^-.n^ ■^}e>o ^ ■^i'oc(^'I^'") W^iof (^'^'") be such that div^m,{x) =Qmn,v^^vm W^/^f (1^, R*=) as 
e 0+, me ^- m in I,-'^^(f^,M''^^) as e 0+ and in L^^^(fi,]R'"). Clearly there exist L{x'),Ls{x') : 

{x' e K^-^ : |a;^ | < co Vj} IR'^x(^-i) such that div^' L{x') = mi(0, x') and div^' ie(a;') = me,i(0, a;'), where 
we denote by fhi{x) : f2 — >■ M** and m'{x) : fl — >■ IR'^x(^~i) the first column and the rest of the matrix valued 
function m{x) : Q M<^x-^, so that (mi(a;), m'(a;)) := m{x) : fl R'^^-^, and we denote by me,i(a;) : ^ K"^ 
and m'^{x) : Ct — >■ W^^^^~^^ the first column and the rest of the matrix valued function ms{x) : Q W^^^ , so 
that (me,i(a;),m^(a;)) := m,{x) : O W^^"^. Then define *e : and M, ^ Mdx{N-i) 

^^(a;) := / ij;e{s,x')ds , *(a;) := / if{s,x')ds, M{x) := -L{x') + / m'{s,x')ds and 
Jo Jo 

Me(x) := -Le(x') + / TO^(s,x')ds Va; = (xi , x') := (xi , ^2, . . . xat) G , (2.41) 
Jo 
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Then, since divxiri = and divxtn^ = 0, by (|2.4ip we obtain 

d'^ dM _ I _ I 

— (x) ~ ip{x) , — {x)—m'{x), —divx'M{x)—mi{x) for a.e. x — {xi,x')^n, and 

^^{x) — ■>Pe{x) , ^^{x) — m'^{x) , —divx'Me{x) = mes{x) for a.e. x ~ {xi,x') & . (2.42) 

Therefore, the result foUows by applying Theoreni l2.2l to the functions {w, M, and to the sequence {w^, Mg, '^e}- 

□ 



3 Further estimates for the lower bound 

Lemma 3.1. Let A G /:(R''^^, M'''), B e P e C{K''''^ and Q e /:(M'=><^, M'-') be linear 

operators and let F G C"(M'^,M) be such that F > and there exist C > and p — {pi,p2, . . . ,pk) G R*^ such 
that pj > 1 for every j and < F{z) < C{\z\p + l) for every z G R*" (see Definition \2.2]} . Next let u £ S^^^ 
and let {me{x)^ ^^^^^ C L\^^{I^,MJ') and mQ{x) £ iP(/i^,R'^) be such that i^(mo(x)) — for a.e. x £ 
and lim£^o+ ™e — ™o in where, as before, 1^ :~ {y G : \y ■ Vj\ < 1/2 Vj = 1,2. ..A^} 

and {f 1, 1^2, • • • , i^jv} C R^ is an orthonormal base in M.^ , such that Vi := u. Furthermore, let p :— max pj, 

l<j<k 

{ve{x)}^^^^^ C lL(/,,M'') and {^,{x)}^^^^^ C Lf„^(/,,R™) 6e such that lim,^o+ ^'e/e = in lI^{U,R^), 
lim,^o+ B • = m Lf^^(/^, M'^'), lim^^o+ A-Vv, =0 in Lf^^(/^, M'^'). lime^o+ (e-P • V{A ■ VwJ) = m 
if„,(/,,R'=) and lim,^o+ (eQ • V{S • (^J) = zn M^'). W^e suppose also that limg_j.o+ ||P||Vue = 

tn if„^(/,,M'*x^). T/ien there exist {r,}^,^^^^ C (0,1), {u,{x)}^^^^^ C C-(/,,R'^) and {V'eCa:)}^^^^, C 
C^{I„,R"') such that lini^_^o+ = 1; lime^o+ "e/e = m i?^(/i,, M'*), lini^^o+ B • = m LP(/j,,R'=), 
linie^o+ A-\/ue = inLP(/j.,R'=), lini^^o+ {eP-\7{A-Vu,}) = mLP{U,R'') and lim^^o+ (eQ'VlB-V'e}) = 
m LP{U,R''), lim^^o+ \\P\\ Vue = m iP(/^, R^^^^), lim^_^o+ ^(r.e) (^-es;) = mo(x) in LP{U,R'') and 

lim / -F(m^{x) + e(P • V{A ■ VwJ)(x) • V{B ■ (pe})ix) + {A ■ Vve){x) + [B ■ ip^){x)\dx 

> lim / -F\rrnr,e) [rex] + e{P ■ V{A ■ Vu J) (a;) +e{Q- V{B ■ V'e}) (x) + {A ■ \/u,) {x) + (B ■ (x) ) dx . 



(3.1) 

Proof. Clearly we can assume 



lim j^F ^m^ {x)+e{P ■ V{ A ■ Vv^}) {x)+e{Q-V{B- J) {x) + (A • Vw^) (x) + • v?^) (x)^ da; 



< +00, (3.2) 



£^■0 + 



otherwise it is trivial. Moreover, without any loss of generality we may assume that v — ei .= (1, 0, 0, . . . , 0) 
and 1^=1 := [y^ {vi,V2 • . .yw) G R^ : \yj \ < 1/2 Vj 1, 2 . . . iV}. Furthermore, since, by mollification, we 
always can approximate and (p^ by smooth functions, there exist {ydx)^ ^^^^^ C C°° and {^'feix)^^^^^^ C 
C°°(/j.,R™), such that lim,_^o+ w^/e = in if„^(/^, R'^), lim^.^o+ B-Cp, = Q in if„^(/^., R*^), lim^.^o+ A-Vv.^O 
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in Ll^il^,^), lim,_^o+ {eP ■ V{A • Vv,}) = in LfJI^,^), lini,^o+ (eQ • V{B • ^e}) = in Lf„^(/,, R'=), 

ij^^j^max) +e(P • V{A • Vve}){x) + e(Q • V{B • (^e})(a;) + • ^v,){x) + {B ■ ^e){x)^ 

-f(^,{x) + e(P • V{A • Vve}){x) + e(Q • V{B • + {A ■ V«,)(a;) + {B ■ ^e){x)^ | 

in L]^^{U,M) as e ^ 0+ , (3.3) 

and either P ee or lim^^o+ Vt;e = in if^ ^(7^,, M''^^). 
Next consider l{t) e C°°(R,R) with the properties 



-oo 



l{t) = 1 for every t G (—00,6) , 

/(t)e[0,l] for every t e [5, 1 - (5] , 
l{t) = for every i e (1 - (5, 

where 5 £ (0, 1/2). Clearly such a function exists. Then for every < t < 1/2 define 

^e,t(a;) := 'fe{x) X [] ('^((xj - t)/e) ■l{~{t + x,)/e)^ Wx £ 



(3.4) 



(3.5) 



(3.6) 



u,,t{x) -.^v.ix) X (l{{xj-t)/e) -li - {t + Xj)/eU Vx gR. 

Then for every i G [0, 1/2) clearly V-e,* e C°°(/\R™), u^,* G C°°(/\M'*), where 

r = {y^{yi,y2...yN)eR'' : |%| < s/2 Vj = l,2...iv} Vs > . 
Moreover, for each such t G [0, 1/2) we have 

ip^^tix) = ffeix) and u^_t{x) = v^{x) if for every j G {1, 2, . . . , A^} we have \xj \ < t , 

< 

ipg^t{x) — and u^^t{x) — if |a;j | > t + (1 — 6)e for some j G {1, 2, . . . , N} . 

So, by dXT]) for smah e > we have V-^.t G C•f'(/*+^R") and w^,* G C^{P+^,R'^). Next we will prove that for 
every r G (0, 1/2) we have 

lim 11 -X 

X F (^m, (x) +e{P- V{A • Vu,,t}) {x) +e{Q- \/{B ■ ?Ae,t}) (x) + {A ■ Vu^.t) (a;) + {B ■ V's,*) {x)^ dxdt = 0. 

(3.8) 



(3.7) 
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Indeed, fix tq G (t, 1/2). Then for < e < (tq - r)/2 we have 

1 



Juf^^{xel*+^:\xj\>t} 



F[m,{x) + e{P ■ \/{A ■ Vu,^t}){x) + s{Q ■ V{B • i>e,t}){x) + {A ■ Vii,.t)(a;) + {B ■ i>e,t){x)j dxdt < 



N 



V / / -X 

Jo J{xel^+'-: \xj\>t} £ 

F(^me{x)+e{P ■ V{A ■ \/u,^t}){x) + e{Q ■ V{B ■ ^e,t}){x) + ' ^u,.t){x) + {B ■ ^p,,t){x)^dxdt < 
^iy"| J F(^meix + tej) + e{P ■V{A-Vu^^it\}){x + tej)+ 



{x:xel^*^ + ' ,-e<Xj<e} 

e{Q ■ V{B ■ Tp,^\t\})ix + tej) + (A • Vu^^\t\){x + te,) + {B ■ -0e,|t|)(a; + iej)^o?2;|dt < 
^\ j { j F{m,{x + sej)+e{P-y{A-Vu,^\^^\}){x + sej) + e{Q-y{B-il:^^\^^\}){x + sej) + 

(A-Vu,,|^^l)(a; + sej) + (B-Ve,|x,|)(a; + sej)^dx|rfs<^iy" | j F{m,{x) + e{P ■V{A-Vu,,\^^^s\}){x) 
+ e(Q ■ V{B • V-e.lx.-slDla^) + • Vu,,\^^_,{){x) + {B ■ ^,.\^^.s\)ix))dx ids . (3.9) 



Thus changing variables in p.9p gives 

1 



Juf^j^{x£l*+^:\xj\>t}^ 

F[m,{x) +e{P- \7{A ■ Vwe,t}) (x) + e(Q • V{B • i^e,t}){x) + {A ■ S7u,,t){x) + {B ■ i;,,t){x))dxdt 



ijij F(m,{x)+e{P-\/{A-\/u,^i^^_,,^}){a 

1-1 ^1^0 



N 

<E 



+ £(Q ■ V{B ■ V^ej^.-eslDCa;) + {A ■ Vm,j,^._,,|)(x) + (B • ^e,\x,~es\){x))dx \ ds . (3.10) 



Next, since either P = or hm^^Q+ = in Lf^^{I^,M.'^^^), clearly by (13. 5p there exists a constant Cq > 
such that for every j G {1,2,... N} every s e [0, 1/2) and every e e (0, 1) we have 



1^0 



e{P-V{A-\/ue^s}){x) 



+ 



e{Q-V{B-i^,,s}){x) 



{A-VUe,s){a 



-Ue^six) 



+ \\P\\ - Vu.Ax) 



da; < Co 



1^0 



e{P ■y{A-yv,})[x) + e{Q-V{B-<f,}){x) 



{A-Vv,){x) + {B-^,){x) 



-Ve{x) 

e 



\P\\ ■ Vv^{x) \dx. (3.11) 



In particular since < r < tq < 1/2 were chosen arbitrary we deduce that for every s G [0,1/2) we have 
lini,^o+ Ue,s/e = in L\^^{I^ , lini,^o+ B ■ = in L\^^{I^,m.''), lini,^o+ ^ ' Vu,,, = in L\^^{I, 
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lini,^o+ {sP-V{A-Vu,,s}) =Oin Ll^{I^, R'^), \im,^o^ (eQ • V{B J) = and lim,^o+ ll^ll Vue^s — in 
Lf„^(/i.,R'^^^). Next, by (IXTTIl we deduce 



lim 



e(P- V{A.VM,,|,^._,,|})(a 
1 



e(Q- V{B.Ve,|.,-«|})(a^) 



(A • Vwe,|:E,-es|)(a;) 



(S • V'e,ix,-esi)(a;) 



:Ue,\xj-es\{x) 



dx = uniformly by s e (-1,1) Vj = l,...,iV. (3.12) 



On the other hand we have lim£_^o+ f^^e — "nio in LP (Iro, F{moix)) = for a.e. X e Iro and < F{z) < 
C{\z\P + 1). Therefore, by (jXT^ for every j = 1, 2, . . . , we deduce 



Km 

£^0 + 



1 f 

J I J F(^me(a;)+£(P- V{A-Vm,,|,^._,,|})(x) 

-1 V^o 



- e(Q • V{B • Vs,|x,-es|})(a;) + • Vm,,|,^._,,|) (x) + (B ■ iJe,\^,^es\){x))dx \ds = 0. (3.13) 



Then plugging p.l3p into p.lOp we deduce (13. 8p . Next let e„ J, be such that 

lim / — F ( m,„ (a;) + e„ (P • V{ A • Vz;,„ }) (x) + £„ (Q • V{B ■ ip,^ }) (x) + (A ■ e„ ) (x) + (S • (^e„ ) (x) ) dx 

= lim / ii^(me(x) +e(P- V{A- Vwe})(x) +e(Q • V{B • ^J)(x) + (A - Vu£)(x) + (B ■ ip^){x)]dx. 

(3.14) 

Then, since p.Sp is valid for every r £ (0, 1/2), we can pass to a subsequence, still denoted by e„ J, 0, so that 
for a.e. i £ (0, 1/2) we will have 

lim / — X 



F ( m,„ (x) + £„ (P • V{ A • Vu,„,t}) (x) + e„ (Q • V{B ■ i/^e„, J) (x) + (A • Vue„^t) (x) + {B ■ V'e„,t) (x) ) dx = . 

(3.15) 
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Therefore, by (021) and (PIB . for a.e. t G (0, 1/2) we have 

Hm / — -X 

X F [rrie^ (x) + e„ (P • V{ A • Vw^,, }) (x) + £„ (Q • V{B • }) {x) + (A • Vwe„ ) (x) + (B • <y9e„ ) (a;) ) 

1 



> hm / — X 

X F(^m,^{x) + £„(P • V{A • Vv,J){x) + £„(Q • V{B • 'fiej){x) + {A ■ Vv,^){x) + [B ■ ip,^){x)^dx 

— hm / —X 

n^ + oojjt En 

X F^m,„(x) +e„(P • V{A • Vu,^,t}){x) + £„(Q • V{B • Vs„,a)(a;) + (A • S7u,^,t){x) + {B ■ i:,^^t){x)^dx 

= hm / —X 

n^+oc Jjt+^„ En 

X F(^m,^{x) + £„(P • V{A ■ Vue„,t})(a;) +£„(Q ■ V{B ■ V'e„,t})(a;) + {A ■ Vue„,t)(x) + (S ■ Vs„,t)(a;)jda;. 

(3.16) 

Thus, by (|XTi)) . (jXTI and (jXTB)) for a.e. t G (0, 1/2) we have 

hm J ^f(^ (P • V{A • Vw J) (a:) + £(Q • \/{B ■ ^,}) (x) + {A ■ Vv,) {x) + {B ■ (x)^ dx > 

hm / — X 

X F(m,„{x) + £„(P • V{A ■ Vu,„,t})(x) +£„(Q • V{B • V^e„,t})(-^) + {A ■ Vu,„,t)(x) + (S • ^,^,t){x)^dx . 

(3.17) 

Since the last inequahty is vahd for a.e. t G (0, 1/2), by diagonal arguments we deduce that there exists a new 
sequences t„ t (1/2) and £„ | as n +oo such that £„ + 1„ < 1/2, 



lim 



m^^ {x) — mo{x) 



dx — , 



(3.18) 



lim 

n— > + oo 







P 




P 








+ 




+ 




+ 

















£„P- V{A- VMe„,tJ 



£„Q- V{B- Ve„,t„} 



ldx = 0, (3.19) 



and 



lim / —Flm^(x)+e (P • V{A ■ Vw J) (x) + £(Q • V{B ■ ip,}) {x) + (A ■ Vv,) (x) + {B ■ ip,) (x) dx 

> lim / —X 

n^ + oo Jjt^+^^ En 

: F (|me„ {x) + £„ (P • V{ A • Vue„ ,t„ }) (x) + £„ (Q • V{B • Ve„ ,t J) (a^) + ( A • Vu,„ ,*„ ) {x) + {B ■ ^j,^ ) (x)^ dx . 

(3.20) 
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On the other hand defining Un{x) '■— u^^^t^ii'^tn + 2£„)a:)/(2t„ + 2£„) and iJn{x) :— ^pe„,t„{{2tn + 2en)x) we 
clearly have i/'e & C^(/^, M™), G C^{I^,R'^). Moreover, changing variables of integration z — xj (2i„ + 2e„) 
in (|3.20l) we finally deduce. 



lim j —Fym,^(x)+e 

^^^"+""^ ffm,„(2(t„ + £„)z) + 



I, 



> lim 



^" • V{A • Vu„}) (z) + ^" (Q • V{S . ^„}) (z) + {A ■ \/un) (z) + {B ■ ^/m) {z))dz , (3.21) 



2(t„ + e„) 

and p. II) follows. Finally, since mo G LP(/i^,R'^), by p. 181) we deduce lini„_^+oo "^(rE„£„) (^e„a;) = mo(x) in 
iP(/^,]R'=), and by (jXTOl) we obtain lim„^+oo w„/e„ = in LP(/j.,R''), lim„^+oo S • = in LP(/j.,R'=), 
lini„^+oo A • V?2„ = in LP(/,,M^-), lim„^+oo (e„P ■ V{A ■ VS„}) = in LP(/,,R'=), lini„^+o, (e„Q • V{B • 
-(/;„}) = in LP{U,R'') and lini„^+oo ||P|| V?2„ = in ^^(7^., R''^^). This completes the proof. □ 

By the same method we can prove the following more general result. 

Lemma 3.2. Consider the linear operators A e /:(R'^^^, M'^'), B e /:(M™,M'''), D e /:(R'^R'=), Pi G 
C{R''''^,R''),...,Pn, G £(R'=^^"\R'=), Qi G /:(M'=^^,R'=),...,Q„^ G /:(M'^-^^"' , M'^') and Ri G /:(R'^^^, M'^'),..., 
P„3 G C{m.''''^"\R'') for some ni,n2,n3 G N and let F G C"'(M''',M) be such that F > and there exist C > 
andp = {pi,p2, ■ . ■ ,Pk) G R*" satisfying pj > 1 and < F{z) < C{\z\p + l) for every z G R''. Next let v> G 5^^^ 
and let {jne{x)^ C ^['^^(/i/, R*^) and mo{x) G i^(/i/,R'^) 6e suc/i t/iat i^(mo(x)) = /or a.e. a; G Ii^ 
and lim^_).o+ m^ = mo in M'^'), where, as before, := {y G R^ : |?/ • fj| < 1/2 Vj = 1,2. ..A^} 

and {fi, i'2, • . • , f jv} C R^ is an orthonormal base in R^ , such that Vi :— v . Furthermore, let p := max pj, 

l<j<k 

{«^(^)}o<e<i ^ ^La-.K'). {^aa^)}o<e<i ^ iLa-^R") "'^'^ {7e(i)}o<,<i C iL((-l/2, 1/2), M"-) be such 
that lim,^o+ "e/e - m Lf^^(/^, R'^), lim^.^o+ B • (ys^ - in Lf^^(/^, M''^), lim,_^o+ A-Vv,^Otn q^^{I^,R^), 
lim,^o+ £>-7e('^-a;) = m Ll^{I^,R'^), lim,^o+ (£"^P„i • V"^^- Vt^e}) - m Ll^{I^,R^), lim,^o+ (e"^Q„,- 
V"H-B • (^e}) = m Lf„^(/,,R'=), lim,^o+ (£"^'H„, • V^-{D ■ 7,(1. • a;)}) = m Lf„^(/,, R*^')- /o^ e^e?^?/ 
J = 1, 2, . . . ,ni «;e have lim,^o+ ( E"i, ll^'^ll) (e^-'V^«,) = z« Lf„^(/,, R-^x^^. V e^eryj = 0, 1, . . . , ^-l) 
«;e W lim,_^o+ ( IIQJI) (e' • V'J) = Lf„^(/,, M'^^^' ) a«rf/or ewery j = 0, 1, . . . , (ng - 1) w^e 
Wlim,^o+ ll-R.II)(e'V-'{r>-7e(iv-a;)}) = z« if„^(/,, M^-><^' ). T/ien t/iere exzst {r,}^^^^^ C (0,1), 

{u,{x))^^^^^ C Cr(/.,M'^), {^s(a:)}o<,<i C Cr(/.,M™) and anrf {Ae(t)}o<,<i C C,- ((-1/2, 1/2), R'') 
such that lim£^o+ ''e = I7 linie-!.o+ "e/s = in iP(/^,R'^), limg^o+ -B • V'e = in i^(/^,R'"'), limg_j.o+ ^ ' 
= m LP(/j.,R'=), lime^o+ -D • Ae(j^ • a;) = m LP{I^,R^), lime_^o+ (e"-Pni • V"i{A • VuJ) = m 
iP(/,,M'=), lim,^o+ (e"'Qn, • V"^^ • ^e}) = in LP(/,,R^), lim,^o+ (e"^-Rn. • V"4D • Ae(/^ • a;)}) = 
m LP(/j.,R'=), /or every j = 1,2, w;e have lim^^o+ (Eltj ll^'s II) (e^^^V^We) m LP{U,R'''^^'), 
for every j = 0,1,..., (ria - 1) we have lim^^o+ (21=^+1 IIQJI) (e^'^^i-B ■ ^J) = m ^^(7^., M'-'^^^' ), /or 
every j = 0, 1, . . . , (ria - 1) we have lime_^o+ {J^liLj+i \\Rs\\){e^V^D ■ Xe{iy ■ x)}) ^ in LP{U, 
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lini£^Q+ m(r^£) (rga;) — mo{x) in LP{Iv,M.'') and 

+ ■ ^^{D ■ 7e})(i^ ■x) + {A- Vv,){x) + {B ■ ip,){x) + D ■ 7,(1^ ■x)\dx> 

/I / "1 "2 

-F TO,^, {r,x) + ^ (Pj • V^{A ■ Vu,}) (x) + ^ {Q^ ■ V^B ■ ^J) (x) 

"3 \ 

+ ^ (Hj ■ V^' {D • Ae }) (i^ ■ a;) + ( A • Vue) (a;) + (B • Ve) (a;) + • Ae (i^ • x) . (3.22) 

As a consequence of Lemma 13.21 we have the fohowing Proposition. 

Proposition 3.1. Lei 711,713,713 G N. Consider the linear operators A e £(R'=^^, R'*), B e /:(]R'?^^, r), Rj e 
/:(K'-^^' , M-^J ) for all j = 1, 2, . . . Pj G /:(M''^^' , M''^ ) for all j = 1,2,... ria, anrf Qj G £(M"^^' , R"^ ) for 
all j = 1,2,... rig, and let F G C°({R'^"i x . . . x R''^ x R''i x R''} x {R''"2 x . . . x xR'^^ x R'*! x R^'} x {R'""3 x 
'} , R) be such that F > and there exist C > and p > 1 satisfying 



. X R"'2 X R'"i X 



mi „ mml 



< F({ai,a2,...,a„i,a},{&i,62,---,&n2,&},---,{ci,C2,...,c„3,c}) < 



"2 



for every (^{ai, 02, • . • , a„i , a}, {hi, b2, . . . ,bn2,b}, . . . , {ci, C2, . . . , c„3, c}^ . 
Furthermore let v G S^^^, ip+ ,Lp- <E R'", F+, G R'^ and W+ , W- G R"^ be such that if we set 

{ip+ if X ■ u > Q, \V+ if x-u>Q, \W+ if x-u>Q, 

Va{x) := I and Wo{x) := <^ (3.23) 

ip" ifx-u<0, \^V~ ifx-u<0, \w~ if X ■ u < 0, 

then 

f(^{0, 0, . . . , Woix)}, {0,0,..., Voix)}, {0,0,..., M=>:)}) = for a.e. a: G R^ . (3.24) 

Next let {wA^)},^^^, C L^iU^m, {veix)},^^^, C LZiU,^') and {M^)},^^^, C LZiU,^^ be 
such that \im,^a+ ip, = Lpo m R™), hm^^o+{S ' Vwe} = Wq in Lf^^{U,W), hm^^o+{-4 • Vv^} = 

Vo m hni,^o+ {e"'' Qn, ■ {V"^(pe}) ^ m Lf„^^(/,, R'""3 ), for every j = 1,2,..., 7^2 we have 

Um^^o+ (e^'-Pj ■ VJ{A- Vwe}) ^ m Lf^"^(/^, R'^j ); V ei^ery j = l,2,...,ni we We Hm^_,o+ {^^ Rj ' VJ{B • 
Vwe}) =0inLf„^^(/,,R''O anrf/or ei^eryj - 1, 2, . . . , (713-1) we We hm,^o+ IIQsll) (e'' V^v'e) = zti 

Lf„'^(/j.,R™^^'). 77ere, as &e/ore, ~ {y G R^ : |yz^j|<l/2 Vj = 1, 2 . . . A^} w/iere {z^i, 1^2, . . • , i^at} C R^ 
is an orthonormal base in M.^ such that V\ := v. Finally assume that there exists a families {^ei^)^ ^^^^i C 
C"+HK^,K'') and {7c(i)}o<^<i C C"+i((-l/2, 1/2),R'=), such that A-Vh^{x) = z^{v -x) for some function 
(i.e. A-V/io(a;) depends actually only on the first real variable in the base {vi, i>2, . ■ . , f Af} ), A-'^h^(x) = Vo(a;) if 
\v-x\ > co; where < cq < 1/2 is a constant, hme_j.o+ {A- V/ie} = Vb m L^^ (/i^, R*^), hm£^o+ { A- Va;7e(i>'-x)} = 
m Lf_^'^(/^,R'*), /or every j = 1,2, ...,712 we We hm^^o+ {e^ P ySI^ {A-^h^y) =0 in LP^ {U,R'^^) , for every 

21 



j = 1, 2, . . . , n2 we have linij_^o+ (s"* Pj • V-' j A • \/xJe{i^ ' ^)}) ~ *^ '^roc(-^i" -'^''^ )' ewer?/ j — 1, 2, . . . , n2 
we W lini,^o+ {ET=j \\Ps\\)e''^Vi{v,{x) - h,{x) - ■ x)) ^ Q m Lf^^^(/,, M^'x^^ and 

lim -(v,{x) - K{x) - 7,(iv ■x))=0 m Lf„^^(/,, R'=). (3.25) 

T/ien t/iere exist {Aix)}^^^^, C Si"'\cp+ ,cp- , I^) , {«s(x)}„<^^<^ C S["''> {V+ , I^) and {feix)}^^^^^ C 
iPi(/^,M«), w/iere 

:-|eeC"+i(R^,R'=): A • Ve(2/) = y • «^ < -1/2, 

A ■ V^y) = V+ if yu> 1/2 and A ■ V^{y + u,) = A ■ V^y) Vj = 2, 3, . . . , ivj , (3.26) 

and 

5(")(^+,^-,/.) := |ceC"(M^,M™) : Civ) ^ 2/ • «^ < -1/2, 

C(y) = ^+ */ y ■ «^ > 1/2 and C(y + i^,) = C(y) Vj = 2, 3, . . . , ivj , (3.27) 

such that lim^^o+ i'e = fo in {U, R"), lim^^o+ {-4 • Vu,} = Vq in U'^ lini^^o+ {B ■ V/e} = Wq in 

LP^{U,W), lim^^o+ (e"' Q„3-{V"^V'J) = in LP(/^, R™"3 ), for every j = 1, 2, . . . , nz «;e /law lim^^o+ (e^'-Pj- 
V^{A-Vue}) =0m LP^^^.W^'), for every j = 1,2, ... ,ni we have lini^^o+ {e^ Rj ■ {B ■ V fe}) ^ in 
LP^{I^,W^),for every J = 1, 2, . . . , (ng - 1) we have \im,^o^ ( EZj+i ||QJ|)(£-'' V^ Ve) = in LP3(/,,R'"x^^), 
and 

lis • V"{-B • VwJ, . . . , £i?i • V{B • Vu.J, • Vw,}} , 

{£"P„ • V"{A • \7v,}, ...,eP,-V{A- Vv,}, {A ■ \7v,}], • V>„ ...,eQ, V(^„ j > 

lim / iF(f£"fi„.V"{i?-V/J,...,efii-V{B-V/J,{B-V/j}, 

• V"{^ • Vu J, . . . , ePi • V{A • Vu J, {A • Vn j}, {e"Q„ • V"V„ . . . , eQi • VV'e, ^e} j da; . (3.28) 

Proof of Provosition \3.1\ Consider a function X{x) G 52""* (f^^, 95^, /i/), such that such that X{x) = Iq{i' ■ x) 
for some function Iq (i.e. A(x) depends actually only on the first real variable in the base {1/1,1^2, . . . ,1^^}), 
and set X,{x) ~ X{x/e). Then clearly X,{x) ipo{x) in Lf^^(R^, R"). Moreover clearly e^\/^X,{x) 
as e ^- 0+ in Lf^^^(R^, R'"^^' ) for every j G {1, 2, . . . , 71.3} and e^W^Xeix) is bounded in L°° for every j G 
{0, 1, . . . , TT-s}. Next define 0j(x) := fei'x) ~ X^{x) and rii,(x) := We(x) — h^{x) — ■ a;). Then clearly 
lim,^o+%/e = in Lf^^il^,^^), lim,^o+ = in Lf„^^(/,, R™), lim,^o+{^ ■ V77,} = in Lf„^^(/,, R''), 
lim,^o+ (e"^ -Pn, • V"^{A • Vr^,}) = in if„^^(/,, R'*"^ ), hm,^o+ (e"^ Q„3 ' = in Lf^^(/,, R™"), 

for every j = l,2,...,n2 we have lini^^o+ {J27Lj \\Ps\\) {s^^^ ^^Ve) = in if^"^(/^, R^^^^' ) and for every 
J ^ 1,2,. ..,(713 - 1) we have lim,^o+ (EZj+i IIQJI) (e^ V^6'e) = in Lf^^(/^, R™><^' ). Then by LemmalU 
thereexist {rJo^^^^ C (0,1), 6^(2;) £ , fj,{x) e C^{U,M.'') and S,{t) G C,°° ((-1/2, 1/2), R'^') , such 
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that lini^^o+ re = 1, lim^^o+ Ve/e in LP'^ (/^, K''), lim^^o+ = in LP^ (Z^,, M™), lini^^o+ {-4 • ViyJ = in 
LP^{U,R'^), linie^o+ A ■ ■ x) u} ^ in LP^{U,R'^), lini^^o+ (e"' Q„3 • {V"-^^,}) = in (/^, M™"3 ), 

lini,^o+ (e"' ■ V"^{A • V?7e}) = in (/^, R''"2 ), lim,^o+ e"' -Pn^ • V^'^ (A • ■ x) ® z^}) = in 

iP= (/^, M''"2 ), for every j = l,2,..., {713 ~ 1) we have hm^^o+ ( IIQJI) (e^' ^^'^^0 = in (/i., R"'^^' ), 
for every j = 1,2,. ..,712 we have lim^^o+ {J2'^lj ll-P^ II) (e^^^ V^^e) in L^^ (/j., R'^^^' ), for every j = 
l,2,...,n2 - 1 we have lini,^o+ ll-P«ll)e^V^^(A • • a;) ® «^}) = in LP^(/^,R'^x^'), and 

lim / -f( {s''Rn-y''{B ■Vwe},...,eRi-V{B - Vwej.iB -Vw,}], 

{e"P„ • V"{A • Vz;J, . . . ,£Pi • V{A • Vt;J, {A • Vi;,}}, {e"Q„ • V>e, • • • ,£Qi • ^.j j dx = 

lim / iF(|e"fi„-V"{B-Vu;e},.-.,£-Ri-V{B-Vwe},{B-Vwe}|, 

{e"P„-V;'{A-V,(/i,+7/,+7e(i^-x))},...,ePi-V,{A-V,(/ie + ??e+7e(i^-a:))},{A-V,(/ie+??c+7e(i^-a^))}}, 
{e"Q„ • V" (Ae + 0e) , . . . , eQi • V(A, + 9,) , (A, + 0,) ]^ dx > 

liffi ^ ^F|^|£"H,rV'HB-V/e},...,efirV{B-V/J,{B-V/j|,|e"P„-V;'{A.(V/ie+V7y,+^,(iv-^ 

,...,£Pl • Vx{A ■ {Vhe + Vf]e+Se{v ■ x)®u)},{A- ( V/le + V^e + 4 (l^ • x) (g) iv) } | , 

|£"Q„ ■ V"(A, + ^,), . . . ,eQi • V(A, + 6,), (A, + , (3.29) 

where ,fe{x) :— 'Wr^e{rex)/re, he{x) := hr^eirex)/'''e and X^ix) := Ar^e(rgx). Moreover, by the same Lemma, 
lim^^o+ {B • V/e } = VKo in LP^ {U , > and for every j = 1 , 2, . . . , ni we have lim^^o+ (e^ iij • { B • V/e } ) = 
in LP^{U,W'). On the other hand clearly X^ix) e 5^"'^ ((^+, 95-, /^) and he{x) e s["^\v+ ,V- , U) for e > 
sufficiently small. Moreover, clearly there exists jdx) € 5^"^'' (O, 0, /t^) , such that Vje{x) = Se{v ■ x) <S) u. 
Thus since (j^ix) G C;?°(/^,R™) and f]e{x) £ C^{U,R'') there exist -0e(a;) G 5^"'^ v^^, 7^,) and Ue(x) e 
such that ^Peix) = Xeix) + 0eix) for every a; £ and Me(a;) = h^ix) + +7£(a;) for every 
a; G /jy. So by p.29p we deduce p.28p . On the other hand since ^> 1~ we easily obtain lim£^o+ "^e = 'Po in 
if^(/,,R™), lim,_,o+{A-VMj = 1^0 inLP2(/,,R'^), lim,^o+ (e"' Q„3 -{V^^^AJ) = in R^-3 ), for every 

j = 1, 2, . . . , ria we have lim£_^o+ (e^ P] ■ A • Vue}) = in LP2(/^, R'^O: and for every j = 1, 2, . . . , (ng - 1) 
we have lim£^o+ (E"=j+i IIQsll)(e^ "^^^e) = in L^^ (/^, R™x^' ). This completes the proof. □ 

Next we have the following simple Lemma. 

Lemma 3.3. Let hq e N and {ipeix)}^^^ C WJH'^ {l^ ,R"'') be such that e"°\7''"ip, -> m Lf^^(/j„ R™^^"") 
and the sequence {(^^(x)}^^^^ is bounded in i^^^(/^,R™) i.e. for every compactly embedded open set G CC 
there exists a constant C := C{G) > such that J^lipelPdx < C. Then for every j £ {l,2,...,no} '^e have 
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Proof. Indeed fix an arbitrary domain U <Z(Z I^, with a smooth boundary. Then clearly 

4:=/" ( |e"« V"Ver ) ->0 ase-^0+. (3.30) 



Ju \ / 

Moreover clearly there exists C > such that J^^ |(/?e|P(ia; < C. On the other hand, by Theorem 7.28 in [12] 
there exists Co > 0, which depends only on U p and no, such that for every (t{x) € VF"°'P(f7, M™) and every 
T > we have 

||VV(x)||^^(^^ <T||a(x)||^„,^(^^+CoT-^'/("-^)||a(a:)||^^(^^ V 2 < n < no , l<j<n. (3.31) 

Thus in particular we deduce from (j3.3ip that there exists Ci > 0, which depends only on U p and no, such 
that for every a{x) e M^""^p(C/, E™) and every r e (0, 1) we have 

||r^VV(a;)||^,(^) < \\r''''V''°<j{x)\\ + C^\\a{x)\\ ^^^^^ V 1 < j < no . (3.32) 

Then setting t :— e ■ (de)^^/"", where is defined by p.30p . using p.32p and the fact that < C we 

obtain 

||£^V^"^,(a;)||^,(^^ < Cdi/^" V 1 < J < no , (3.33) 
where C > dose not depend on e. Thus using (|3.30p we deduce 

||e^VVe(a;)||^p(.y^ as e -> 0+ V 1 < j < no , 

Therefore, since the domain with a smooth boundary [/ CC was chosen arbitrary, we finally deduce that 
lim^^o+ (e-' = in Lf^^ (/i. , M" ^ ) for every j e {1, 2, . . . , no}. This completes the proof. □ 

Plugging Lemma 13.31 with the particular case of Proposition 13.11 we get the following Theorem. 

Theorem 3.1. Let n,m, e N, P e /:(M'^^^^^" , R'^) and Q e C{R^''^"\W) be linear operators and let 
F e C°{{R'^ X M'=><^" X ... X R/^x^x^ X M'^xATj X ijjg ^ M'x^'""' X ... X M'^^ X M'},M) be such that F>0 
and there exist C > and pi,P2 > 1 satisfying 



i (\Ar + \Br) < f(^{A, ai, 02, . . . a„-i, c}, {B, 6i, 62, • • ■ , e}) < 



m— 1 



<ci\Ar + \Br + E + E i^^i'^ + i^i'^ + i^i'^ + 1 

for every (^{A, ai, 02, . . . a„_i, c}, {-B, 61, 62, . . . , 6,„_i, e}j . (3.34) 

Furthermore let k e R''' , u e S^'^, (p+,ip^ £ anrf G M'''^^ &e sttc/i i/iai - = v 

and F({0,...,0,F+},{0,..., 0,(^+1) = F({0, . . . , 0, F"}, {0, . . . , 0, ^-}) =0. 5et (^(x) e L°°(R^,R') and 
w(x) : iip(K^,R'=) by 

{(p~^ if X ■ u > Q , V~ ■ X + {x ■ v)k if X ■ v> > , 

v{x) := <^ (3.35) 
ip^ if X ■ u < , I V~ ■ x if X ■ v <0 . 
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Next let {ve{x)]^^^^^ C W^/^/'''^'^ R''0 and {Ve{x)]^^^^^ C W;2f^{I^X) be such that lim,^o+ ^ ^ ^n 
lim^^o+ Ve=v in (7^,, R'=), and lini^^o+ {(we - w)/e} = m Lf^i^(/^, R'=), w/iere, as before, 

If ■— {y £ ■ |y ■ i^jl < 1/2 Vj = 1, 2 . . . A^} where {ui, 1/2, . . . , I'jv} C is an orthonormal base in 
such that f 1 := u. Moreover assume that, 

• either P = Id or n = 1 and 

• either Q = Id or m — 1. 
Then 

>El:r\v+,^+,V-,ip~,u). (3.36) 

w/iere 

inf ^J^ (^{i"P ■ {V"+^C}, i""^V"<e, . . . , iV^e, VC}, ■ {V™C}, L""^ V^-^C, . . . , i VC, C}) rfa; : 

Le (0,+oo), ee^f (y+,F-,/,), Ce4")(^+,^-,/,)|, (3.37) 

:= |eeC"+i(M^,M'=) : ¥^(2;) = if yi^< -1/2, 

Ve(?y) - ^+ y ■ 1/ > 1/2 and \/^{y + u,) = Ve(y) Vj = 2, 3, . . . , ivj , (3.38) 

and 

5(")(^+,<^-,J.) |ceC'-(R^,R') : C(2/) = V'" ifyv<-ll2, 

C(y) - ^+ y • > 1/2 and C(y + i^,) = C(y) Vj = 2, 3, . . . , ivl . (3.39) 



Proof. First of all without loss of generality we can assume 1/ = ei (1. 0, . . . , 0). Next it is clear that without 
any loss of generality we may assume 



^lim j -^F |^{e"P • {V"+^t;e}, . . . , e^^v,, Vv^], {e™Q • {^"(^e}, • ■ • , eV(^e, ^e}^dx < 00 . (3.40) 



Then by (piMj) and we deduce that lim.^o+ (e" -P • {V"+^i;e}) = in ^^^^(/j., R'^) and lim^^o+ (e" Q 

{V"v3e}) = in if^'^(/j.,R'?). Next remember we assumed that 

• either P = IdoTn= \ and 

• either Q = Id or m = 1. 
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Thus in any case, by Lemma 13.31 we deduce that for every 1 < j < n we have hm£_j.o+ (e^ V^^^u^) = in 
Lf^^{U,R''''^'^') and for every 1 < j < m we have hm^^o+ {^^ V^e) in LP^^{U,W^'). 
Next consider lo{t) e C°°(M,R) with the properties J_^^2 lo{s)ds — 1/2 and 

la{t) = Q for every < G (-0O, -1/2 + (5) , 

Zo(t)e[0,l] forcvery i e [-l/2 + (5, l/2-(5], (3-41) 
lo{t) = 1 for every t e {1/2- S, +oo) , 

where 5 G (0, 1/2). Clearly such a function exists. Then set 

/Xi/s 

lQ{s)ds ■ k Va;eM^. (3.42) 
-oo 

Thus he G C°°(R'^,R'') and in particular 

Vh,{x) -.^V- +lo(^^^(^k(E>ei^ ^V- +lo(^^y (V+ -V-^ V.t G , (3.43) 

eJV^'+i/ie(2:) :=4^''(^y^ • 0ei0...®ei Vx G Vj > 1 . (3.44) 
Moreover by (piiTj) . ([g^i^ and ([XiS]) we obtain 

{T/- if xi < -e/2, 
he{x) = v{x) if Ixil > e/2, (3.45) 
y+ if xi > e/2, 

and by dSH]), 

V^+^h,{x) = if Ixil > e/2 Vj > 1 . (3.46) 

Therefore, by ([2121), (013), (EH, and ([gTiS]) we have lim^^o+ K = v \n W^^p^{I^,M/'), for every j > 1 

we have lim^_^o+{e^ V^+^/ie} = in L^i (/^, M'^''^'^' ), and lim^_,o+ {(/»e - 'v)/£] = in L^i (/^, M'^). Thus, 
since we have lim^^o+ {(^e ^ ^^)/^} = in ^^'^^^(/jy, M*^), then clearly lim£_j.o+ {(«£ — ^e)/^} = in LfJ^(/i,, M*^). 
So there exists a family {^e(2;)}Q^^^]^ C C°°(M^,M'^), such that Vh^{x) = Ze{v ■ x) for some function Ze, 
\7he{x) — Vv{x) if ■ x\ > Co, where < co < 1/2 is a constant, and 

\im,^o+h,^v in W^'P^ {U,R'') , 

lim,^o+ (e^V^'+i/i,) =0 in L^^ (/,, M'=x^'+' ) Vj > 1 , (3-47) 
lim,^o+ {(fe-/is)/£} =0 in LPi(/,,M'=). 

Then by applying Proposition l3.1l we obtain that there exist {ue{x)^ ^^^^^ C s[^^ {'^'^ ^ ^ ^v) and {^£(^)}o<e<i 
'^2"' {}P^ ^ ■ ^v) such that 

^+ / \^ ({^"^ • • ■ • ' ^^4' {^^^ ■ • ■ • ' ^"^Ve.Ve]^ dx > 

^+ / ^"^ ' ■ • ■ ' ^^-}' {-""Q • {V^^e}, . . . , eVV'e^.} j da;. (3.48) 

This completes the proof. □ 
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Next by the composition of Theoreni l3.1l and Theorem l2.3l we obtain the following result describing the lower 
bound for the first order problems. 



Proposition 3.2. Let f7 C 6e an open set. Furthermore, let F £ C"(R™^^" x M™xw<" " x . . . x R™xw x 
R" X R^,K), be such that F > and there exist g{x) e C"(M^, (0,+oo)) and p > I satisfying 



1 / n—l \ 

rrl^r < F(A,ai,...,a„_i,6,x) < g{x)(\A\P+Y^ \aj\^+\b\P+l] for every ai, 03, . . . , a„_i, 6, x) 



(3.49) 

Assume also that for every xq £ ^ and every t > there exists a > satisfying 

F{ai,a2,-..,a„,b,x) - i^(ai, 02, . . . , a„, &, a;o) > -TF(ai, 02, . . . , a„, 6, xq) 

Vai e xM™''^" . . . Va„ G M"''^ V5 e M™ Vx G smc/i f/iaf |a; - xo| < a . (3.50) 

Next let ip G U'{Vl,W") be such that _F(0, 0, . . . , 0, (^(x), x) = for a.e. x £ fl. Assume also that there 
exist a Ti^^^ a-finite Borel set D <Z Vl and three Borel mappings (p^{x) : D — > R™, (fi^ (x) : D — !■ R'" and 
n(x) : D — !■ S^~^ such that for every x £ D we have 

y lB+i.M^))\viy)-^^i^)\'dy /B-(.,w.))k(?/)~^"(^)r^2^ 

inn — —7 — T = and hm — —, — r = 0. (3.51) 

Then for every {ipe}e>o C nW;"f (fJ, R") such that ip, ^ Lp in Lf^^(rj,R"') as e 0+, we will have 

\jm-[ F( e"V"v5e(s), £""^V"- Ve(a;), . . . , eVipeix), ipe{x), x\dx 
6^0+ e Jo V / 

> E(;:l (^+ (x) , (x) , n(x) , x) dH^- 1 (x) , (3.52) 

w/iere 



infjy^ ;^F(^L"V"C(2/),i"-'V"-iC(y), ...,iVC(2/),C(2/), ^)^^y: i e (0, +00) , C e 5^") (^+, /.) | , 

(3.53) 

:=|cgC"(M^,R™): Civ) = if yn< -1/2, 

C(y) = ^+ y • n > 1/2 and (;{y + v,) = ({y) Vj = 2, 3, . . . , ivl , (3.54) 



Here In {y G R^ : \y ■ Vj\ < 1/2 Vj — 1,2 . . . N} where {vi, V2, ■ ■ ■ , vn} C R^ is an orthonormal base in 



'J 

pN 



such that Vi :— n. 

Thus by plugging Proposition 13 . 21 into Theorem 1 1.1 1 we deduce the F-limit result for the first order problem. 
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Theorem 3.2. Let C &e an open set. Furthermore, let F e Ci(lR'"^^" x ]R™x-^'" 
M™ X M^,R), be such that F > and there exist g{x) G C°(R^, (0,+oo)) and p > 1 satisfying 



X ... X M™^^ X 



1 / "~ \ 

— \A\P<F(^A,ai,...,an-i,b,xj < g{x)i^\A\P+Y,\aj\P+\b\P+lj for every (A, ai, as, . . . , a„-i, 6, cc) . 

(3.55) 

Assume also that for every xq £Q and every r > there exists a > satisfying 

F{ai,a2,...,a„,b,x) - F{ai,a2, . . . ,an,b,xo) > -TF{ai,a2, ■ ■ ■ ,a„,b,xo) 

Vai e xK"^^" . . . Va„ e M."''"^ V6 € R™ Va; e smc/i i/iat \x-xo\<a. (3.56) 

7Vea;i /et <^ e W(R^,R™) n 6e such that \\D(p\\{dCl) = and F{0,0, . . . ,0,ip{x),x) = /or a.e. x £ Q. 
Then for every {<^e}£>o C W;"^^(f2,R'") such that ips ^ ip in L'^g^{Q,,W^) as e ^ 0+, we will have 

Urn - / e"V"^e(ar), e"" V"-Ve(a;), . . . , EVip,{x), ^e{x), ^dx 
e^0+ ^ Jn \ / 

> / El:lL+ix),ip-{x),uix),x)dn''-\x), (3.57) 

where 

E^f,(<p+,<p-,u,x) := 

infj^ ^Fi^L^y^Ciy), L^-'V^-\iy), . . . , LVCiy), Ciy), dy: i S (0, +(^) , C e (^+, /.)| , 

(3.58) 

with 

5(")((p+,<p-,7.) :=|cgC"(R^,R™): C(2/) = 2/ • < -1/2, 

C(y) = '^^ 2/ • > 1/2 anrf C(2/ + i^j) = Civ) Vj = 2, 3, . . . , ivl , (3.59) 



Here lu ■= {y G R''^ : \y ■ < 1/2 Vj = 1,2...N} where {t'l, 1/2, . . . , t'jv} C R''^ is an orthonormal base 
in such that v\ := v. Moreover, there exists e sequence {il>e}s>o C C°°(R''^,R™) such that J^il)s{x)dx = 
(p{x)dx, tps ^ ip in U'{Cl,W") as e — >• 0+ and we have 



lim - I £"V"^e(ar), e"-^ V"" Ve(ar), . . . , sVi>e{x), M^), x]dx 

= [ E^;ilL+{x],ip-{x),v{x),x)dn''-\x). (3.60) 



A Notations and basic results about 5y-functions 



• For given a real topologieal linear space X we denote by X* the dual space (the space of continuous linear 
functionals from X to R). 
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For given h € X and x* G X* we denote by (/i, x*)^^^, the value in M of the functional x* on the vector 
h. 

For given two normed linear spaces X and Y we denote by jC{X;Y) the linear space of continuous 
(bounded) linear operators from X to Y. 

For given A e £{X; Y) and h G X we denote hy A ■ h the value in Y of the operator A on the vector h. 

For given two reflexive Banach spaces X,Y and 5 e £(X;y) we denote by S* e the corre- 

sponding adjoint operator, which satisfy 

(x, S* ■ y*)x^x' •= ■ ^' y*)YxY' ^^^^y y* e F* and a; e X . 

Given open set G C M.^ wc denote by V{G,K.'^) the real topological linear space of compactly supported 
M''- valued test functions i.e. C^{G,R'^) with the usual topology. 

We denote V'{G,R'^) := {V{G,R'^)}* (the space of R'^ valued distributions in G). 

Given h e V'{G,R'^) and 5 e V(GM'') we denote < 6,h>:= (<5, /i>i,(g R<i)xx,,(G i-e. the value in R of 
the distribution h on the test function 5. 

Given a linear operator A G C{R'^; R'^) and a distribution h e ^'{G, M*^) we denote by A-h the distribution 
in V'{G,R'') deflnedby 

<S,A-h>:=< A* ■6,h> V5 G I?(G,R'=). 

Given h G D'(G,M'*) and S G P(G,R) by < > we denote the vector in R'^ which satisfy < S,h > 
■e :=< 5e, h > for every e G K"^. 

1/2 

For a px q matrix A with ij-th entry Uij we denote by = (S|^jE'^;^afj) the Frobenius norm of A. 

For two matrices A, B gR^^'^ with ij'-th entries and bij respectively, we write 

p q 

A: B := E aijhj- 

i=ij=i 

For the p x q matrix A with ij-th. entry aij and for the q x d matrix B with ij-th entry bij we denote by 

q 

AB := A - B their product, i.e. the p x d matrix, with ij-th entry J2 o-ikbkj- 

fe=i 

We identify the u = (ui, . . . , Uq) G with the q x 1 matrix A with il-th entry Ui, so that for the p x q 

matrix A with ij-th entry aij and for t; = {vi,V2, ■ ■ ■ ,Vq) G we denote hy Av := A-v the p-dimensional 

q 

vector u = {ui, . . . , Up) G R^, given by = ^ flifeWfe for every 1 < i < p. 

fe=i 

As usual denotes the transpose of the matrix A. 

i> 

For u = (ui, . . . , Up) G and v = {vi,..., Vp) G R^ we denote by := w • := ^ uj-Vk the standard 

/c=l 

scalar product. We also note that uv = u^v = v^u as products of matrices. 
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• For u — {ui, . . . , Up) e and v — {vi, . . . , Vq) G we denote hy u^v the px q matrix with ij-th entry 
UiVj (i.e. u®v^uv^ as product of matrices). 

• For any p x (7 matrix A with ij-th entry a^j and v = (wi , W2, . . . , Wd) € M'' we denote by ^ 1; the p x q x d 
tensor with ijk-th entry QijVk- 

• Given a vector valued function f{x) = . . . , fk{x)) : — >■ M*^ {fl C M^) we denote by Df or by 

9/. 



Vxf the k X N matrix with ij-th entry 



• Given a matrix valued function := {Fij{x)} : ^ M*^^^ (fi C M^) we denote by div F the 



M*-valued vector field defined by div F :— {li, . . . , l^) where li = ^ 

• Given a matrix valued function F{x) = {/„ (a;)}(l < i < p, I < j < q) : ^ ^ (O C M^) we denote 
by DF or by S7^F the p x q x N tensor with ijk-th entry 

• For every dimension d we denote by / the unit d x d-matrix and by O the null d x d-matrix. 

• Given a vector valued measure fi = {fii, . . . , fik) (where for any 1 < j < k, fij is a finite signed measure) 
we denote by ||/i||(£^) its total variation measure of the set E. 

• For any /i-measurable function /, we define the product measure / • /i by: / • /i(-E) = /g f dfi, for every 
/i-measurable set E. 

• Throughout this paper we assume that fl C is an open set. 

In what follows we present some known results on BV-spaces. We rely mainly on the book [J] by Ambrosio, 
Fusco and Pallara. Other sources are the books by Hudjaev and Volpert [39], Giusti [20] and Evans and 
Gariepy [T8j. We begin by introducing some notation. For every 1/ G S^-^ (the unit sphere in M^) and i? > 
we set 

B+(x,iy) = {yeM^ : \y^x\<R,{y~x)-u>0}, (A.l) 
B^{x, = {y eR"" : \y ~ x\ < R, {y - x) ■ u < 0} , (A.2) 
H+{x,iy) = {yeR'':{y^x)-u>0}, (A.3) 
H^{x,v) = {y eR'^ : {y - x) -u <0} (A.4) 

and 

i/^ = {y e : y-u = 0}. (A.5) 

Next we recall the definition of the space of functions with bounded variation. In what follows, denotes the 
Lebesgue measure in M.^ . 

Definition A.l. Let f7 be a domain in and let / G L^{n,R"'). We say that / G BV{n,R"') if 

/ \Df\:^ sup \ / V/fcdiv (^fcd/:^ : G ^^(O, M^) Vfc, V |(^fc(x)|2 < 1 Vx G O I 
in ^-^^^^=1 fc=i J 

is finite. In this case we define the BV-norm of / by ||/||bv := + \F>f\. 
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We recall below some basic notions in Geometric Measure Theory (see [1] ) . 

Definition A. 2. Let fl he a, domain in R^. Consider a function / G Lj^^{il,M."^) and a point x E fl. 

i) We say that a; is a point of approximate continuity of / if there exists z € M™ such that 

.. Is^i.) \fiy) -^\dy 

iim TTT r^T — . 

P^o+ C^{Bp{x)) 

In this case z is called an approximate limit of / at x and we denote z by f{x). The set of points of approximate 
continuity of / is denoted by G^. 

ii) We say that x is an approximate jump point of / if there exist a,b G R™ and u £ S^~^ such that a ^ b and 

lim — = 0, hm — '^^ ' , — T = 0. (A. 6) 

The triple (a,h,u), uniquely determined by (jA.6p up to a permutation of (a, 6) and a change of sign of f, is 
denoted by (/^(a;), i//(a;)). We shall call Vf{x) the approximate jump vector and we shall sometimes 
write simply v{x) if the reference to the function / is clear. The set of approximate jump points is denoted by 
Jf. A choice of f (x) for every x E Jf (which is unique up to sign) determines an orientation of Jf. At a point 
of approximate continuity x, we shall use the convention /^(a;) = / (a;) — f{x). 

We recall the following results on BV- functions that we shall use in the sequel. They are all taken from [3]. 
In all of them f2 is a domain in R^ and / belongs to BV{ft,W^). 

Theorem A.l (Theorems 3.69 and 3.78 from 4 ). 

i) H^^^ -almost every point in \ Jf is a point of approximate continuity of f . 

ii) The set Jf is a countably -rectifiable Borel set, oriented by I'ix). In other words, Jf is a-finite with 

respect to TL^^^, there exist countably many hypersurfaces {Sk]'^^^ such that H^^^i Jf \ U 'S'fc I = 0, and 

^ k=i ' 

for 'H.^ -almost every x E Jf Ci Sk, the approximate jump vector i'{x) is normal to Sk at the point x. 

[(/+-/-)®«^/](a:) eLi(J/,dH^-i). 

Theorem A. 2 (Theorems 3.92 and 3.78 from [4 ). The distributional gradient Df can be decomposed as a sum 
of three Borel regular finite matrix-valued measures on fl, 

Df = D^f + D-f + D^f 

with 

Dy^{Vf)C^ and f = {f+ - f-) ® u fU^^-^J f . 

D"^ , D'^ and are called absolutely continuous part. Cantor and jump part of Df , respectively, and \7 f G 
L^{fl, R™^^) is the approximate differential of f . The three parts are mutually singular to each other. Moreover 
we have the following properties: 

i) The support of f is concentrated on a set of -measure zero, but [D^ f ){B) ~ for any Borel set B C ^ 
which is a-finite with respect to T-L^^^ ; 

ii) [D''f]{f^^{H)) = and [D" f]{f-^{H)) = for every H C R™ satisfying Ti}{H) = 0. 



31 



Theorem A. 3 (Volpert chain rule, Theorems 3.96 and 3.99 from [4 ). Let $ e CHK'",^'^) be a Lipschitz 
function satisfying $(0) = if \^\ — oo. Then, v{x) = ($ o f){x) belongs to BVl^ljW^) and we have 

D-v = V^{f)VfC'', D-v = V^{f)D-f, D^v ^ mf+) - <i>{f-)] (S> UfU^'-^^Jf . 

We also recall that the trace operator T is a continuous map from BV{rt), endowed with the strong topology 
(or more generally, the topology induced by strict convergence), to L^{dil,'H^^^^dil), provided that ft has a 
bounded Lipschitz boundary (see j4; Theorems 3.87 and 3.88]). 
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